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ABSTRACT:  

In this paper a numerical investigation of installation of actuator in a toggle configuration for decreasing of active control forces in 

engineering structures has been carried out. During the past two decades, researchers have been focused to prevent the vibration of 

tall building from strong earthquakes. For achieving this purpose, they applied either massive conventional bracing or passive energy 

dissipation dampers. Subsequently, they developed active control systems in structures to resist against the high seismic loads. 

However, this later method eventuates installing massive actuators in building which are not only very costly and uneconomically but 

also needs large electricity power. In this research, using by known earthquakes, investigation of the effects of the toggle configuration 

on actuator forces has been performed numerically. For numerical investigation, active tendon control system was selected as a 

comparison. The numerical investigation shows significant reduction in actuator forces through using toggle configuration. Finally, 

comparing results through the numerical processe express high matching that relies on mitigation of control forces in the toggled 

active model. 
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1- Introduction 
Utilization of active control systems for resisting against seismic loads such as strong earthquakes or intensive 

wind gust turbulences loads on structures has been developed in the past two decades[1-5]. Producing of high 

strength material and achieving the reliable and accurate structure analysing software caused to be built more 

tall and flexible buildings[2]. The more strength against the excitation, the more structure strength and ductility 

is required. Obviously, providing high strength and ductile construction materials are very costly. Using the 

bigger cross sections for achieving to the higher structure strength, however, attracts more seismic force onto 

these members. Consequently, they will require even bigger sections. This process is endless spiral design. 

One of the important advantages of smart structures is to overcome to this problem. The previous researches 

and practical installations proved their efficiency to protect the structures against the seismic excitations. In 

the structures once multiple modes are determinant in structure respond, need for more powerful and adaptive 

system to prevent structure from very large excitations and damages will be more essential [6]. There are many 

real implementation of active control systems in the world [7-16]. Also, utilizing of this system in the large 
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 civil engineering structures is being expanded [6]. By increasing the number of tall buildings in whole of the 

world, to achieve high reliability and safety, using of active control systems will be inevitable [2]. 

Undoubtedly, finding of optimum control force that can achieve allowable structural response is one of the 

most important tasks in active control systems. The actuators’ power and unit cost as well as their maintenance 

expenses are very important factors from economically and efficiency point of view [17-19]. The mitigation 

of control forces in active control systems have been emphasized by the recent researchers as an efficiency 

factor in reduction of structural response[2, 20, 21]. Also, it should be mentioned that the importance of 

actuator positions in active control system to reduce the structural response has been quoted [1,17,18,20 and 

22]. 

The toggle configuration has been recognised as an efficient layout for viscous damper installation in a 

structural system having a large stiffness. Employing the concept of energy dissipation has been explored via 

devices installed in the conventional earthquake-resistant structures and can protect the structures effectively 

against seismic excitations [23, 24]. Fluid viscous dampers are devices which can strongly enhance the 

damping ratio and, consequently, mitigate the structural vibrations caused by excitation [25-27]. Also, in recent 

years, the practical installation of these types of dampers in civil engineering structures can be found in the 

work of [28]. However, there is a particular challenge in installing various dampers in a stiff structural system. 

The reason is that the seismic structural responses i.e. storey displacement and velocity, are small compared 

with a typical flexible structure. Therefore, viscous dampers with a substantial force capacity and a massive 

damping coefficient are needed for dissipating a relevant amount of energy and attaining an intended damping 

ratio. Then, the implementation of viscous damping devices in structures having more stiffness will be less 

efficient than installation in a structure having an acceptable flexibility.   

Considering the latter challenge, researchers have recently suggested some configurations for installing the 

dampers to enhance the displacements and velocities in dampers. Taylor in U.S. Patent Nos.5870863 and 

5934028, 1996 (Taylor, 1999) has suggested the “toggle-brace-damper” system. An investigation into the 

“toggle-brace-damper” system has been performed by [29]. In this investigation, the ability of this system to 

magnify the damper‘s axial displacements and the efficiency of energy dissipation has been verified through 

a cyclic loading and shaking table tests in a SDOF steel model. Aiming to have more free architectural spaces 

in buildings, a similar system to toggle-brace-damper, called the “scissor-jack-damper” system, has been 

introduced [30]. This system can also magnify the damper displacements and velocity and enhance the 

efficiency of energy dissipation in the frames having less occupied architectural spaces. Some practical 

examples of using the toggle-brace-damper systems in constructions have been outlined [29]. One such 

practical example, that is, 111 Huntington Avenue in Boston, Mass., has a lower toggle system directly 

connected to the beam-column joints, which is different from the configuration proposed by Constantinou [29]. 

Moreover, Hwang [31] have investigated the effect of the lower and upper toggle system in the latter system 

and the facilitation of the practical implementation of the dampers.       

In this research, the upper toggle system that is directly connected to the beam-column joints has been 

suggested for installation in an active control system. Unlike the aforementioned toggle configurations which 

have been utilized in the passive systems, this research performs investigations to find the effect of the toggle 

configuration in the mitigation of the active control forces. Considering the importance of small control forces 

to attain small-sized actuators for preventing significant earthquake excitations in a structural active control 

system, an actuator is installed in the toggle configuration in an active control system in the single degree of 

freedom (SDOF) bending frame. A numerical investigation are performed using the mentioned system to 

investigate effect of this configuration on the actuator forces respect to the different earthquake excitations.   
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 2- SDOF Toggle Configuration 

A single-degree-of-freedom shear frame with one span and one storey is considered, as shown in 

Fig.1, where the actuator has been installed in a toggle configuration, i.e. OB member. OA and OC 

are the members considered to be axially rigid. The members of OA and OC are connected to the 

main frame at points A and C and to each other at point O. These connection points are hinged 

connections. It means that these two members can rotate freely about a normal axis passed through 

point A, C and O in the plane of members OA and OC. Also, the figure shows a response sensor has 

been implemented at the top of the frame. Furthermore, there is a controller installed in this system 

that can determine the control signals by its own algorithm based on the received structural response 

data measured by the sensor. 

 

Fig.1. Toggle configuration in active control system. 

 

Figure 2 shows the relevant forces in the toggle configuration in the active control system. As can be seen from 

the figure, the structural response i.e. velocities and displacements due to earthquake forces is measured by the 

sensor. Then, the measured information is sent to the controller. Furthermore, the controller determines the 

control forces based on its algorithm and sends the signals to the actuator. Finally, the actuator applies the 

control force, through members OA and OC, to the main structure in order to neutralize the effect of that 

disturbance in the opposite direction. 
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Figure 2. Forces in active toggle control system. 

  

 

In this figure 𝑢(𝑡) is actuator force, 𝑇1(𝑡) and 𝑇2(𝑡) are tension or compression forces in members OA and 

OC with regard to the direction of the displacement, 𝑚 is a lumped mass of the structure and �̈�𝑔 is the 

earthquake acceleration. 

 

 

3- Motion equation in active Toggle control system 
The motion equation of the toggle system can be obtained through the following process. Considering Figure 

2, the equilibrium of horizontal and vertical forces in the hinge O in a time instant can be written as follows, 

respectively: 

𝑇1(𝑡) 𝑠𝑖𝑛 𝜃2 − 𝑇2(𝑡) 𝑐𝑜𝑠 𝜃1 + 𝑢(𝑡) 𝑠𝑖𝑛  𝜃3 = 0  (1) 

𝑇1(𝑡) 𝑐𝑜𝑠 𝜃2 − 𝑇2(𝑡) 𝑠𝑖𝑛 𝜃1 − 𝑢(𝑡) 𝑐𝑜𝑠  𝜃3 = 0  (2) 

 

Where, 𝑢(𝑡) is actuator force, 𝑇1(𝑡) and 𝑇2(𝑡) are tension forces in the members of OA and OC, respectively. 

Also, the angles of 𝜃1, 𝜃2 and 𝜃3 have been shown in Figure 2. 𝑇1(𝑡) and 𝑇2(𝑡) can be derived by solving 

Equations 1 and 2 simultaneously indicated as below: 

 

𝑇1(𝑡) = 𝛼1𝑢(𝑡)  (3) 

𝑇2(𝑡) = 𝛼2𝑢(𝑡)  (4) 

 

Where, 𝛼1 and 𝛼2 are as follows: 

 

𝛼1 = 𝑐𝑜𝑠(𝜃1 − 𝜃3) 𝑐𝑜𝑠(𝜃1 + 𝜃2)⁄    (5) 

𝛼2 = 𝑠𝑖𝑛(𝜃2 + 𝜃3) 𝑐𝑜𝑠(𝜃1 + 𝜃2)⁄   (6) 

 
If 𝑚, 𝑐, and 𝑘 are the lumped mass, damping and stiffness of the structure, respectively,  the motion equation 

of the system considering the concept of dynamic equilibrium can be written as follows: 

𝑚�̈�(𝑡) + 𝑐�̇�(𝑡) + 𝑘𝑥(𝑡) + 𝑢(𝑡) 𝑠𝑖𝑛 𝜃3 + 𝑇1 𝑠𝑖𝑛 𝜃2 = −𝑚�̈�𝑔(𝑡)    (7) 
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 After substituting Equation 3 into Equation 7 and using Equation 5, the motion equation for the toggle system 

is derived as: 

𝑚�̈�(𝑡) + 𝑐�̇�(𝑡) + 𝑘𝑥(𝑡) = −𝛼𝑢(𝑡) − 𝑚�̈�𝑔(𝑡)    (8) 

 

While, 

𝛼 = 𝑠𝑖𝑛𝜃3 +
𝑐𝑜𝑠(𝜃1−𝜃3)

𝑐𝑜𝑠(𝜃1+𝜃2)
𝑠𝑖𝑛𝜃2  (9) 

 

Equation 8Error! Reference source not found. is the motion equation for an active control system in the 

toggle configuration, illustrated in Figure 2. In this formula, 𝑚 is the mass in 𝑘𝑁𝑠2/𝑚, 𝑐 is the damping 

coefficient in 𝑘𝑁 𝑠 𝑚⁄ , 𝑘 is the stiffness in 𝑘𝑁/𝑚, 𝑢(𝑡) is the actuator force in 𝑘𝑁, �̈�𝑔(𝑡) is the earthquake 

acceleration in 𝑚/𝑠2 and 𝛼 is the toggle coefficient, which depends on the angles of 𝜃1, 𝜃2 and 𝜃3. Equation 

8 dictates the motion of the system for toggle configuration. From the point of view of control system design, 

the objective is to minimize the displacement 𝑥(𝑡) by changing the force 𝑢(𝑡). The variable �̈�(𝑡) is the 

acceleration generated by an earthquake excitation, which is considered to be disturbance.  

 

4-Efficiency of active Toggle control system 
As mentioned already, one of the specific objectives of this research is the reduction of the required active 

control forces applied by the actuators. This reduction of control forces is selected as an efficiency factor in 

the active toggle control system. Therefore, for investigating the efficiency of the active control system having 

a toggle configuration, two single-degree-of-freedom systems with identical mass, damping and stiffness 

values have been chosen. The first system has the active control system in a toggle configuration and the 

second one has a tendon control system [6], as indicated in Figures Error! Reference source not found.3 and 

4, respectively. The motion equation of the active toggle control system, which has been already achieved, is 

restated here, as follows: 

 

𝑚�̈�(𝑡) + 𝑐�̇�(𝑡) + 𝑘𝑥(𝑡) = −𝛼𝑢𝑇𝑜𝑔𝑔𝑙𝑒(𝑡) − 𝑚�̈�𝑔(𝑡)  (10) 

 
The motion equation of the active tendon control system, indicated in Figure 4, can be derived as below, while 

the frame has a single-degree-of-freedom [6]. Notice that in this comparison, the mass, damping and stiffness 

of both frames are assumed to be identical.  

 

𝑚�̈�(𝑡) + 𝑐�̇�(𝑡) + 𝑘𝑥(𝑡) = −𝑢𝑇𝑒𝑛𝑑𝑜𝑛(𝑡) − 𝑚�̈�𝑔(𝑡)  (11) 

 

Using Equations Error! Reference source not found.10 and 11, the relationship between the actuator forces 

related to the toggle and tendon systems in a time instant is obtained as follows: 

 

𝑢𝑇𝑜𝑔𝑔𝑙𝑒(𝑡) = (
1

𝛼
) 𝑢𝑇𝑒𝑛𝑑𝑜𝑛(𝑡)  (12) 

 

Where 𝛼 is the toggle coefficient, defined in Equation 9. 
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Figure 3. Active toggle control system. 

 

 

 

Fig.4. Active tendon control system. 

 

 

Equation 12 Error! Reference source not found.shows that the active toggle control system is more efficient 

than the active tendon control system if 𝛼 is greater than unity. Therefore, for proving that, the variation of 𝛼 

for all the acceptable values of 𝜃1 should be investigated. For this purpose, the effect of toggle coefficient 𝛼 

in the active toggle control system has to be studied. In the next section, it will be proved that all values of 𝛼 

are greater than unity. Therefore, the control forces in the toggle control system are 𝛼 times smaller than the 

control forces in the tendon control system for stabilizing the frame against the same excitation. Fig.5 shows 

that, when 𝜃1 approaches to its maximum values, the toggle coefficient 𝛼 increases rapidly. However, the 

toggle establishment criterion, i.e. 𝜃1 + 𝜃2 < 90°, as well as practical restrictions, should be considered during 

the design process. 
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5- Effect of Toggle coefficient α 
In the toggle configuration indicated in Figure 2, for any given value for 𝜃1, the corresponding value for 𝜃2 is 

calculated using the geometry of the system. In other words, the proper establishing of the motion equation in 

the toggle system depends on suitable values for 𝜃1 to 𝜃3 and 𝐿1. Otherwise, the toggle configuration of the 

active control system will no longer be valid. It should be mentioned that the system works as a toggle 

configuration in the active control system if 𝜃1 + 𝜃2 < 90°. In the toggle configuration, 𝜃1 and 𝐿1 are 

independent values. It means that all other geometrical characteristics can be calculated from the geometry of 

the system after selecting values for 𝜃1 and 𝐿1. Considering Fig.5, these values can be calculated by the 

following formulas: 

 

𝐿3 = √(ℎ2 + 𝐿1
2 − 2ℎ𝐿1 𝑐𝑜𝑠(90 − 𝜃1))  (13) 

𝜃3 = 𝑎𝑟𝑐𝑐𝑜𝑠 (
−𝐿1

2+ℎ2+𝐿3
2

2ℎ𝐿3
)  (14) 

𝜃5 = 90 − 𝜃3  (15) 

𝐿2 = √(𝐿2 + 𝐿3
2 − 2𝐿𝐿3 𝑐𝑜𝑠(𝜃5))  (16) 

𝜃6 = 𝑎𝑟𝑐𝑐𝑜𝑠 (
−𝐿3

2+𝐿2+𝐿2
2

2𝐿𝐿2
)  (17) 

𝜃2 = 90 − 𝜃6  (18) 

 

Fig.5. Toggle configuration parameters in SDOF active control system. 

 

The effect of variations of 𝜃1 and 𝐿1 is shown, in Equation 8, in the coefficient of 𝛼, which has been multiplied 

as a direct factor to the actuator force. Hence, numerically finding variations of 𝛼 with respect to 𝜃1 through 

Equation 9, would be more straightforward. Therefore, considering h=3.0 m and L=5.0 m in Figure 3, the 

variations of 𝛼 with respect to 𝜃1 having different 𝐿1 can be determined. Notice that in this calculation, the 

maximum values of 𝜃1 and 𝜃2 can be easily obtained using Figure 3. However, as a toggle establishment 

criterion mentioned earlier, the inequality of 𝜃1 + 𝜃2 < 90° must be satisfied. Then, the maximum values for 

𝜃1 and 𝜃2 are derived 30.96° and 59.04°, respectively. Using Equation 9Error! Reference source not found., 

all values of 𝛼 have been plotted with respect to all acceptable values of 𝜃1 while 𝐿1 varies from 1.0m to 4.0m. 

These results are indicated in Fig.6. 
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Fig.6. Variations of 𝜶 with respect to 𝜽𝟏 with different 𝑳𝟏. 

 

Fig.6 shows that all values of 𝛼 are greater than unity. Therefore, referring to previous section regarding the 

efficiency of the toggle system compared to the tendon system, these values of 𝛼, which are greater than unity, 

prove that the Toggle system is more efficient than the tendon system.  

 

6- Effects of θ1 and L1 in Toggle configuration 
It was noted in Section 5 that 𝜃1 and 𝐿1 are independent values in the toggle configuration. This means that 

these two parameters should be preselected prior to the design of the active control system in a toggle 

configuration. This is why selecting the suitable values for these two parameters is very important. Fig.6 is the 

same figure which shows the effects of both 𝜃1 and 𝐿1 in the toggle system. This figure indicates that, when 

the value of  𝜃1 approaches its maximum value, the toggle coefficient of 𝛼 increases rapidly. In other words, 

the toggle system acts more efficiently in 𝜃1s that are close to their maximum values. Although reaching the 

higher toggle coefficient is desirable, the toggle establishment criterion 𝜃1 + 𝜃2 < 90° and construction 

restrictions have to be taken into consideration as well in choosing 𝜃1. Also, the results indicated in Fig.6 can 

help designers to choose the optimum value for 𝐿1 based on their construction specifications and restrictions. 

It is clear from Fig.6 that the smaller 𝐿1 generates the greater 𝛼. Therefore, to have the more efficient toggle 

system, the smaller 𝐿1 should be selected.     

 

7- Effects of frame span length in Toggle configuration 
To investigate the effects of variations of the frame span length, 𝐿, on the toggle coefficient, the numerical 

method similar to that utilized in Section 5 is applied here. For this, considering h=3.0 m and L1=1.5 m in 

Figure 3, the variations of 𝛼 with respect to 𝜃1 having different 𝐿 can be determined. The result has been 

printed in Fig.7.  
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Fig.7. Variations of 𝜶 with respect to 𝜽𝟏 with different 𝑳. 

 

Fig.7 shows that the greater span produces the bigger toggle coefficient of 𝛼 while 𝜃1 varies from zero degrees 

to its relevant maximum value. This figure proves that, during the design procedure in the active toggle control 

system, it is desirable to select the frames with bigger spans. 

 

8- Effects of frame height in Toggle configuration 
To investigate the effects of variations of the frame height, ℎ, on the toggle coefficient, the same numerical 

method used in Section 5 is performed here. Thus, assuming L=6.0 m and L1=1.5 m in Figure 3, the variations 

of 𝛼 with respect to 𝜃1 having different ℎ can be calculated. These results have been indicated in Fig.8.  

 

Fig.8. Variations of 𝜶 with respect to 𝜽𝟏 with different 𝒉. 

 

 

Fig.8 expresses that the greater height produces the smaller toggle coefficient of 𝛼 while 𝜃1 varies from zero 

degrees to its relevant maximum value. This figure proves that, during the design procedure in the active toggle 

control system, it is beneficial to select the lowest frame height possible. 
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 9- Numerical analysis 
9.1. Methodology 

Referring to the specific objectives mentioned in this research, the reduction of the required control forces in 

the active toggle control system is investigated in this section through a numerical analysis. The outline of 

this procedure is as follows: 

1-Defining a single-degree-of-freedom active toggle control system, indicated in Fig.9 as a main unit. 

2-Selecting a single-degree-of-freedom active tendon control system, shown in Fig.10 as a comparison unit. 

3-Determining the optimum value for toggle coefficient 𝛼 based on the property of the toggle configuration.  

4-Introducing the installed feedback control layout in the both systems. 

5-Presenting the implemented algorithm in both systems. 

6-Choosing the earthquake acceleration data. 

7-Obtaining the state form of the motion equation for both systems. 

8-Deriving the gain matrix utilizing the LQR function in MATLAB. 

9-Calculating the state vector using LSIM function in MATLAB. 

10-Calculating the control forces for both systems. 

11-Comparing the results using the generated graphs.   

 

9.1.1. Active Toggle control system 

In this approach, a single-degree-of-freedom frame with an active toggle control system is selected, as 

indicated in Fig.9. The structure, actuator, sensor and controller in this process are assumed to be linear [6, 32-

35].  

 

 

Fig.9. Active toggle control system. 

 

9.1.2. Specifications of Toggle system 

In this numerical analysis, the columns are 150UC23.4 and the beam is 180UB22.2. The relevant specifications 

are listed in the below table. 
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 Table 1. Specifications of toggle system. 

Specification Value Unit 

L 5 m 

h 3 m 

m 12 ton 

c 3.4 kNs/m 

k 589 kN/m 

Ib 15.3×106 mm4 

Ic 3.98×106 mm4 

ρ 1.153 ― 

E 200 GPa 

                 𝜔𝑛 7 rad/sec 

                 𝑇𝑛 0.898 sec 

 

 

Assuming the damping ratio is equal to 2% for a steel frame, i.e. 𝜁 = 2%, the stiffness, damping, natural 

frequency and period of the assumed frame has been calculated using the following formulas, respectively 

[36]: 

 

𝑘 =
24𝐸𝐼𝑐

ℎ3

12𝜌+1

12𝜌+4
  (19) 

ρ =
EIb L⁄

2EIc h⁄
  (20) 

c = 2ζ√km  (21) 

ωn = √
k

m
  (22) 

Tn =
2π

ωn
  (23) 

 

 

In the above mentioned equations, 𝐿, ℎ, 𝑚, 𝑘, 𝑐, 𝐼𝑏, 𝐼𝑐 , 𝜌, 𝐸 , 𝜁, 𝜔𝑛 and 𝑇𝑛 are the frame span, height, mass, 

stiffness, damping, the moment of inertia of the beam, the moment of inertia of the columns, the beam-to-

column stiffness ratio, modulus of elasticity of steel, the damping ratio of the frame, natural frequency and 

natural period, respectively. 

 

9.1.3. Active tendon control system 

As a comparison unit, an active tendon control system with the same specifications as those indicated in Table 

1 is considered. This system has been shown in Fig.10 [6]. All the characteristics of this system are assumed 

to be similar to the toggle system, apart from the active toggle control. 
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Fig.10. Active tendon control system. 

 

9.1.4. Specifications of tendon system 

The specifications of this system have been assumed to be identical to the active toggle control system. These 

characteristics have been shown in Error! Reference source not found.. 

 

9.1.5. Determination of optimum Toggle coefficient α 

It was proven in the previous sections that the values of actuator forces decrease by increasing toggle 

coefficient 𝛼. On the other hand, Fig.6 shows that the toggle coefficient of 𝛼 increases by diminishing the 

length of the lower brace 𝐿1. Therefore, the smaller values of 𝐿1 produce the bigger values of 𝛼, which results 

in smaller control forces. For selecting the optimum values of 𝛼, both the establishment criterion for the toggle 

configuration and the construction limitations should be taken into account. Accordingly, referring to Fig.6, 

𝜃1 and 𝐿1 are selected as 27° and 1.5 m, respectively. As mentioned in Section 5, 𝜃1 and 𝐿1 are independent 

values. Therefore, the other characteristics of the system can be obtainable after choosing the optimum values 

for 𝜃1 and 𝐿1. All the other specifications needed for calculating the optimum toggle coefficient in this 

numerical analysis have been calculated utilizing the equations expressed in Section 5 and indicated in Table 

2. Finally, the toggle coefficient of 𝛼 can be derived using by Equation 9Error! Reference source not found..  

 

 
Table 2. Required characteristics for calculating optimum 𝒂. 

Specification Value Unit 

L1 1.5 m 

L2 4.33 m 

L3 2.68 m 

θ1 27 degree 

θ2 57.7 degree 

θ3 30 degree 

θ4 87.7 degree 

θ5 60 degree 

θ6 32.3 degree 

                   𝛼 9.6 ― 

 

 

9.1.6. Feedback law in closed-loop control 

State form of motion equation of the control system can be written as follows [6]: 

[�̇�(𝑡)] = [𝐴][𝑍(𝑡)] + [𝐵𝑢][𝑢(𝑡)] + [𝐵𝑟][�̈�𝑔(𝑡)]  (24) 
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Where, 

[�̇�(𝑡)] = [
�̇�(𝑡)

�̈�(𝑡)
]

2×1

  (25) 

[𝐴] = [
[0] [𝐼]

−[𝑀]−1[𝐾] −[𝑀]−1[𝐶]
]

2×2

  (26) 

[𝐵𝑢] = [
[0]

[𝑀]−1]
2×1

  (27) 

[𝐵𝑟] = [
[0]

[𝑀]−1]
2×1

  (28) 

 

Using the closed-loop feedback control layout, Equation 24 can be mathematically solved. Then, the control 

force vector is obtained by feeding back the structural response measurements. Therefore, the feedback law 

can be described as follows: 

 

[𝑢(𝑡)]1×1 = −[𝐺]1×2[𝑍(𝑡)]2×1  (29) 

 

Where [𝐺] is feedback gain matrix with a dimension of 𝑟 × 2𝑛. Using these 𝑟 extra equations, the control 

system response, i.e. [𝑍(𝑡)], can be obtainable from Equation 24. Substituting Equation Error! Reference 

source not found.29 into Equation Error! Reference source not found.24, leads to the following equation: 

  

[�̇�(𝑡)] = [𝐴𝑐][𝑍(𝑡)] + [𝐵𝑟][�̈�𝑔(𝑡)]  (30) 

  

Where, 

[𝐴𝑐] = [𝐴] − [𝐵𝑢][𝐺]  (31) 

 

In the abovementioned equations, [𝐴] is plant matrix of uncontrolled system, [𝐴𝑐] is the closed-loop plant 

matrix of the system. As denoted above, if all the state variables of the system are measured, the closed-loop 

system would become a full-state feedback [6]. In smart structures, measuring the state variables, i.e. 

displacements and velocities, is difficult. As a suitable replacement, measuring the accelerations can be very 

reliable in seismic response control systems. There is some research in this issue indicating the achievement 

of direct acceleration feedback [37-41]. Using this method causes simplicity in the sensing system, which leads 

the achievement of more practical control systems. It has been expressed that the closed-loop feedback control 

layout is the most popular and suitable feedback control layout in smart structures. In this numerical analysis, 

the closed-loop feedback control layout has been selected to be installed in both systems, i.e. the toggle and 

tendon control systems [6]. The schematic layout for closed-loop control has been shown in Figure 11. 
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Fig.11. Schematic layout for closed-loop control. 

 

9.1.7. Control algorithm in smart structures 

In active control systems, the active control force is determined using active control algorithms based on the 

sensed structural response. The control algorithms are installed in electronic devices called either digital 

controller or control computer. For the active control systems, the mathematical model of the controller is 

known as control law. Also, installation of the control algorithm in an active control system is named controller 

design. In this investigation, known algorithms of LQR and pole placement have been used through the especial 

functions in MATLAB® [6].    

 

9.1.8. Earthquake acceleration data 

The earthquake data which has been applied to both active control systems are 1979 Imperial Valley–El Centro 

M (6.5) and 1994 Northridge M (6.7). These earthquake accelerations are presented in Fig. 12and Fig. 13, 

respectively. Since the strongest motions typically occur early in historical earthquakes, only the first 20 

seconds of their accelerations are shown in these figures. These earthquake data can be obtained from the 

website of the Pacific Earthquake Engineering Research Centre.  

 

 

Fig. 12. 1979 El Centro earthquake accelerations. 
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Fig. 13. 1994 Northridge earthquake accelerations. 

 

9.1.9. Control gain matrix in active Toggle control system 

For the active toggle control system, the state form of motion equation is obtained as follows. The following 

relationships have already been discussed in previous sections. Notice that in these equations, 𝛼 = 9.6 is the 

toggle coefficient which has been already calculated. 

 

[�̇�(𝑡)] = [𝐴𝑐][𝑍(𝑡)] + [𝐵𝑟][�̈�𝑔(𝑡)] , [𝐵𝑟] = [
[0]

[𝑀]−1[𝛿]
]

2𝑛×1

   (32) 

[𝐴𝑐] = [𝐴] − [𝛼𝐵𝑢][𝐺]  (33) 

[𝐴] = [
0 1

−
589

12
−

3.4

12

]  (34) 

[𝐵𝑢] = [
0

−𝛼
1

12

]  (35) 

 

For finding the control gain matrix [𝐺] in the closed-loop control system, the function of LQR in MATLAB® 

software is used as follows: 

[𝐺] = LQR(𝐴, 𝐵𝑢, 𝑄, 𝑅)  (36) 

 

In the above mentioned equation, all the terms inside the parentheses are matrices and have the same 

characteristics as those explained previously. However, matrices [𝑄] and [𝑅] are known as weighting matrices 

and in this calculation process are tuned to be as follows: 

 

[𝑄] = [
10 0
0 10

]  (37) 

[𝑅] = [0.001]  (38) 

 

 

Using the PLACE function in MATLAB®, for providing the more stability of the system, poles of the system 

are designed to be –150, identically. Therefore, the gain matrix for the closed-loop control system is as follows: 
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 [𝐺Toggle] = [−28114 −375]  (39) 

 

9.1.10. Control gain matrix in active tendon control system 

Determining the gain matrix in the active tendon control system would be the same as the procedure expressed 

for the active toggle control system. Notice that in the tendon system, all parameters are identical to the toggle 

model. Using the same poles considered in the active toggle control system, i.e. –150, the gain matrix in active 

tendon control system will be as follows: 

 

[𝐺𝑇𝑒𝑛𝑑𝑜𝑛] = 𝛼[𝐺𝑇𝑜𝑔𝑔𝑙𝑒] = 9.6[𝐺𝑇𝑜𝑔𝑔𝑙𝑒]  (40) 

 

9.1.11. Determination of structural displacement response 

The state vector [𝑍(𝑡)], can be solved easily using LSIM function in MATLAB® software package. In this 

procedure, it is assumed that the control force [𝑢(𝑡)] is known. In an optimal closed-loop control system, 

optimal control force [𝑢(𝑡)] is adjusted based only on the feedback of [𝑍(𝑡)], i.e. the state vector comprising 

the displacements and velocities. Therefore, to attain the state vector, the relevant response in the building 

structure must be measured at time instant 𝑡 by installing the displacement and velocity sensors at the proper 

locations on each floor. Since the specifications of the two systems, i.e. toggle and tendon systems, have been 

considered identical, the derived structural displacement responses for both systems would be the same. These 

structural responses due to the applied earthquake excitations can be calculated using the function LSIM in 

MATLAB® software as follows: 

 

[𝑌, 𝑍] = 𝐿𝑆𝐼𝑀(𝐴𝑐 , 𝐵𝑟, 𝑆, �̈�𝑔, 𝑇)   (41) 

 

In the aforementioned equation, 𝐴𝑐 is called the closed-loop plant matrix of the system, 𝐵𝑟 and �̈�𝑔 have been 

already explained in the relevant sections. However, matrices 𝑆 = [1 1] and 𝑇 are the sensor matrix and the 

simulation time matrix, respectively. The structural displacement responses, i.e. the displacements of top of 

the frames for 1979 El Centro and 1994 Northridge earthquakes, are shown in Fig.14 and Fig.15, respectively. 

The absolute maximum controlled structural displacement under 1979 El Centro and 1994 Northridge 

earthquakes are 0.22 mm and 0.25 mm, respectively. 

 

 

Fig.14. Controlled structural displacement response under 1979 El Centro earthquake. 
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Fig.15. Controlled structural displacement response under 1994 Northridge earthquake. 

 

9.1.12. Calculation of control forces 

After obtaining the control gain matrix, the required control forces for both systems can be determined using 

Equation Error! Reference source not found.29. Notice that in this equation, the control gain matrix has 

been obtained by using LQR algorithm. Therefore, the equation for determining the control forces in both 

systems is written as follows: 

 

[𝑢(𝑡)] = −[𝐺][𝑍(𝑡)]  (42) 

 

In the above mentioned equation, the matrices [𝐺] and [𝑍(𝑡)] have already been determined for the relevant 

systems individually, as explained in the previous sections. 

 

10. Comparing results for numerical process 
10.1. Actuator forces 

In this section, after determining the control forces or, in the other words, the actuator forces in the active 

toggle and tendon control systems, these control forces have been plotted on graphs and shown in Fig.16 and 

Fig.17 to demonstrate the difference between the relevant results.  

  

 

Fig.16. Compared control forces in 1979 El Centro Earthquake. 
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Fig.17. Compared control forces in 1994 Northridge Earthquake. 

 

It is obvious from Fig.16 and Fig.17 that an active control system with the toggle configuration can enormously 

diminish the required actuator forces. In this numerical analysis, this reduction is about 89.6%, compared to 

the tendon control system with various seismic excitations. Also, having the toggle coefficient, this reduction 

in the control forces in the toggle system can be achieved directly from Equation12.  

 

10.2. Displacements 

The compared results related to the controlled and uncontrolled displacements have been plotted in Fig.18 and 

Fig.19 for 1979 El Centro and 1994 Northridge earthquakes, respectively. The responses for the free vibration 

have been calculated by the methods based on interpolation of excitation [36]. 

 

 

 

Fig.18. Compared frame displacements in 1979 El Centro earthquake. 
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Fig.19. Compared frame displacements in 1994 Northridge earthquake. 

 

It is obvious from Figures 18 and 19 that deploying the toggle configuration in an active control system can 

enormously diminish the structural responses under the earthquake vibrations. 

 

11. Conclusions 
1-The installation of the toggle configuration in a single-degree-of-freedom shear frame in an active control 

system causes a coefficient called toggle coefficient α to be created. This coefficient appears in the motion 

equation of the system as a direct factor multiplied to the control force.  

2-For the typical civil engineering frames, the value of toggle coefficient α is greater than unity. 

3-In this system, the greater toggle coefficient α generates the smaller control force. 

4-In the toggle configuration, θ1 and L1 are independent values. It means that all other geometrical 

characteristics can be calculated from the geometry of the system after selecting values for θ1 and L1. 

5-The proper establishment of the motion equation in the toggle system depends on suitable values for θ1 to 

θ3 and L1. Otherwise, the toggle configuration of the active control system will no longer be valid. Moreover, 

the system works as a toggle configuration in the active control system if θ1 + θ2 < 90°.  

6-To have the more efficient active toggle control system, the smaller value for the lower brace, i.e. L1 becomes 

desirable. This is because the smaller L1 generates the greater α. 

7-In the design procedure in the active toggle control system, it is beneficial to select the frames with bigger 

spans, since the greater span produces the bigger toggle coefficient α. 

8-In the design procedure in the active toggle control system, it is preferable to keep the frame height as low 

as possible, since the greater height generates the smaller toggle coefficient α. 

9-The toggle system acts more efficiently in θ1s that are close to their maximum values. This property can be 

used to reach the much greater toggle coefficient. However, the toggle establishment criterion, i.e. θ1 + θ2 <
90° and construction restrictions have to be taken into consideration. 

10-Comparison between control forces in the toggle and tendon control systems shows an 89.6% reduction for 

the former. As a result, the toggle configuration significantly reduces the force required from the actuator; 

consequently the size of the actuator and its cost will be reduced. 
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